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Introduction
Microfluidics is a major field of scientific research and technological innovation, exploited in ink-jet printing, lab-on-a-chip devices for chemical analysis, and smart wetting surfaces, among many other applications. A key topic is the pressure-driven flow of fluids within micron-scale channels (Whitesides 2006) . In addition to simple fluids, there is considerable interest in the microfluidics of liquid crystals. Molecular liquid crystals are widely used in display devices due to their optical properties, and understanding the switching dynamics of such devices is essential for optimising their speed and efficiency (McIntosh & Leslie 2000) . More recently, it has been appreciated that many biophysical systems -including microtubule bundles (Sanchez et al. 2012) , actin filaments (Chakrabarti & Das 2007) , and dense suspensions of microswimmers (Baskaran & Marchetti 2009; Wensink et al. 2012 ) -also have liquid crystalline properties, but at the colloidal instead of molecular level. The confined flows of these materials, often driven by their own activity, underpin many transport and motility processes in microbiology.
Furthermore, with regard to fluid transport and flow, liquid crystals offer functionality not achievable with simple fluids. When in contract with structured surfaces, the interplay between bulk effects such as elasticity and surface effects such as anchoring leads to rich behaviour including complex wetting transitions (Patrício et al. 2011; Silvestre et al. 2012 ) and the stabilisation of topological defects (Dammone et al. 2012; Shams et al. 2014) . Such intricate surface effects can be exploited in novel microfluidic applications. For example, confinement of a liquid crystal in a channel can lead to the formation of topological line defects, which may be utilised as rails for the controlled transport of colloids or droplets of a secondary fluid (Sengupta et al. 2013a ).
Poiseuille's law, which applies to the laminar flow of an incompressible Newtonian fluid in a channel, predicts a linear relation between the rate of flow and the pressure difference applied, in analogy to the relation between electrical current and potential difference stated by Ohm's law. In the case of a non-Newtonian fluid, such as a liquid crystal, departures from this linear relation may be observed. We concentrate specifically on nematic liquid crystals. These are composed of rodlike molecules that possess no positional order in their arrangement, but do order in their orientation along a common axis called the director. Nematics exhibit rich hydrodynamics owing to the coupling between fluid motion and director orientation -a phenomenon termed backflow. In the presence of a velocity gradient, backflow leads to distinctive behaviours, namely either the perpetual rotation of the director (tumbling regime), or a steady state in which the director has a tendency to adopt a given angle relative to the velocity gradient (aligning regime) (Leslie 1968) . Which regime occurs depends on the material properties of the liquid crystal. In this paper we concentrate on aligning liquid crystals. Backflow effects may be interpreted as an anisotropic viscosity, additional to the standard Newtonian viscosity. This dependence of viscosity upon director orientation was first observed by Miesowicz (1946) .
There have been a number of quantitative studies into the flow of liquid crystals in channels or between parallel plates. Zhou & Forest (2007) studied two-dimensional flow in the low-flowrate, strong-anchoring limit for the cases of homeotropic, planar and tilted anchoring. Jewell et al. (2009) considered the case of strong homeotropic anchoring for a wider range of flow rates, and reported a topological transition in the texture of the nematic as driving pressure is increased. Feng & Leal (1999) and Quintans Carou et al. (2006) investigated nematic flow between plates of narrowing or widening separation. Sengupta et al. (2013b) performed experiments and simulations of flow in rectangular channels, and Sengupta (2013) confirmed that the relation between flow rate and pressure gradient is non-linear and dependent on the anchoring orientation. Manneville & Dubois-Violette (1976) and Tarasov et al. (2010) investigated the onset of instabilities in channel flow.
We are not aware of any study that considers the effect of the strength of the anchoring on the relation between driving pressure gradient and mass flow rate. From an experimental point of view, the anchoring strength of a substrate is difficult to measure, and most methods involve the optical properties of the liquid crystal (Barbero et al. 1984; Choi et al. 2013) , or its reponse to applied electric (Yokoyama & van Sprang 1985; Nastishin et al. 1999) or magnetic (Andrienko et al. 1998) fields. A quantitive understanding of the effect of anchoring strength on flow may provide a means to measure the anchoring strength. Such an approach would be especially useful for colloidal liquid crystals, which do not exhibit an electromagnetic response.
In this paper, we perform lattice Boltzmann simulations of driven flow between two parallel plates, driven by a specified pressure gradient, and measure the flow rate versus pressure gradient. We confirm the transition reported by Jewell et al. (2009) , but find that is driven by a dynamical instability, rather than free energy considerations. We also observe a very strong departure from the Pouisille relation that is not related to any obvious morphological transition. We check our results against calculations in the low-and high-flow limits, and find that in the low-flow limit, anchoring strength influences flow rate via a term that is cubic in the pressure gradient.
The paper is organised as follows. In section 2 we describe the model we use to simulate the system. In section 3 we present and analyse our results. Our principal focus is on the case where the anchoring at the walls of the channel is homeotropic (i.e. the preferred orientation of the director is perpendicular to the walls), in section 3.1. In section 3.2 we present results for the case where the anchoring is planar (i.e. the director preferentially lies parallel to the wall) and we do likewise for a channel where one wall has homeotropic and the other planar anchoring (which we call hybrid anchoring). We discuss these results and how they compare to the homeotropic case. We conclude in section 4.
The model
The nematic order of the fluid is expressed using a traceless, symmetric, tensorial order parameter (de Gennes & Prost 1993) called the Q-tensor,
where n is a unit vector denoting the director, and S is the degree of nematic ordering. We note that the Q-tensor is invariant under n → −n, reflecting the head-tail symmetry of the molecular ordering. In some circumstances there may be biaxial ordering of degree B, with m and l forming an orthonormal set with n. The free energy of the system is given by the functional over the fluid region R and the substrate walls W
where A, L and α are positive coefficients for bulk, elastic and anchoring free energies respectively. τ * is a reduced temperature, such that the nematic phase with S = S nem is favoured for τ * < 1, and the isotropic (unordered) phase with S = 0 is favoured when τ * > 1. Q pref αβ is the value of the Q-tensor preferred by the anchoring at the substrate.
Within R, the fluid density ρ, velocity u, and Q-tensor evolve over time t according to the continuty, Navier-Stokes, and Beris-Edwards (Beris & Edwards 1994) equations. 6) where p is the isotropic fluid pressure, µ is the dynamic viscosity, and Γ is the mobility of the nematic order. ζ is a dynamical parameter, dependent on molecular details, that determines whether the nematic exhibits flow-tumbling (ζ < 1) or flow-aligning (ζ > 1) behaviour. At W, non-slip and anchoring conditions apply, where ν ν ν is the inward normal to the substrate. As an alternative to Eqn. (2.8), we may impose the boundary condition Q = Q pref . This is equivalent to setting α = ∞. We simulate the dynamics of the fluid by discretising space and time -the former into a cubic grid of nodes -and maintain ρ, u and Q as continuous quantities. We utilise a hybrid method in which Eqns. (2.3,2.4) are iterated using a lattice Boltzmann method and Eqn. (2.5) by a finitedifference method (Marenduzzo et al. 2007 ). We choose the parameters (in simulation units) A = 0.5, τ * = 0.9, L = 0.033(3), Γ = 0.025, ρ = 80 (with deviations due to the effects of compressibility, which are small), µ = 13.33(3), ζ = 1.5 (aligning regime) and S nem = 1. p, α and Q pref are the parameters of interest that we shall vary. We consider the system geometry depicted in figure (1), where the substrate is comprised of two parallel plates that lie in the xy plane at z = −h/2 and z = h/2. In the y direction, the system has a width of only one node, imposing uniformity in this direction. In the x direction, the system extends from x = 0 to x = l, and at these boundaries we impose a Neumann condition ∂ x = 0 on all quantities, except for p, on which we impose p = p 0 + δp/2 at x = 0 and p = p 0 − δp/2 at x = l. Thus, we are simulating two-dimensional channel flow, in a channel of width h, subjected to a pressure gradient G = δp/l. We use l = 100 and h = 24.
In order to simplify our description of the system and comparison with theory, we define the following rescaled quantities
isotropic viscosity rescaled to units of inverse velocity r = 1 µΓ degree of anisotropy in the viscosity (2.9)
Since we find that u z remains very small in all our simulations, we hereon denote u x by the indexless u.
Results

Homeotropic anchoring
We first consider the case where both channel walls have homeotropic (i.e. director perpendicular to the wall) anchoring conditions. Obviously, in the absence of flow, the director will uniformly orient itself in the z direction. Following the terminology of Jewell et al. (2009) , we call this configuration the 'vertical' state, V.
For various valuesG andα, we evolve the system until a steady state is obtained. Depending on the drivingG, simulations were run up to 1 × 10 6 time-steps. However, in our experience, systems driven at lowG may take 3 to 4 times as long to reach a steady state.
Once steady state is achieved, we measure the mass flow rate, defined as
In figure (2) we plot Φ as a function ofG for various anchoring strengths ranging fromα = 0 to ∞. Symbols represent simulation data and discontinuous lines are added to help guide the eye. The insets show the nematic configuration recorded for the indicated data points for the caseα = 364, a relatively strong anchoring. The orange shading represents the nematic order parameter S (which, in all cases, varies only slightly away from S nem ), and the black lines depict the director n.
Examining figure (2), we see that for smallG, the director is perturbed only slightly from the uniform vertical configuration, as shown by the leftmost inset in figure (2). In this region of the graph, the increase of Φ withG is gradual. However, asG increases, there comes a point where Φ undergoes a rapid increase with respect toG. The value ofG at which this departure from linearity occurs is higher for systems with largerα. Shortly after this jump, dΦ/dG moderates, but remains at a higher value than before the jump. AsG is increased further, the relation is approximately linear, albeit with a non-zero intercept. For the case ofα = 0, instead of a jump there is a kink, in which dΦ/dG switches from a lower to a higher value.
The middle inset illustrates the nematic texture prior to the jump. We see that the nematic texture is strongly distorted, with the director significantly perturbed from the vertical away from the walls and channel centre. However, the state remains topologically equivalent to that depicted in the left inset, since one state can be continuously deformed into the other. Therefore we also class the state in the middle inset as V.
AsG is increased further, the director profile undergoes an abrupt transtion so that the director orientation at the middle of the channel becomes horizontal. Again following Jewell et al. (2009) we term this new state the horizontal state, H. The change V → H represents a topological change and cannot be effected by continuous deformations. In the simulations we witness the transition occur by the formation of topological defects, which unwind to produce the new state. Intriguingly, the transition only causes a small discontinuity in the dependence of Φ onG, barely noticeable in comparison the jump described in previous two paragraphs. Contrary to what was seen with the jump, we observe that the V → H transition occurs at smaller values ofG for larger α, as can be observed by the vertical discontinuous lines in figure (2).
In order to check the simulation results and to gain understanding of their key features, we now perform calculations based on the fluid equations. Since the degree of nematic order remains roughly constant at S nem = 1, and since the director is confined to the zx plane, we may write
θ being the anticlockwise angle made by the director with the x axis. Furthermore, the simulations verify that the z component of velocity is negligable, the fluid is approximately incompressible, and u and θ show no variation in the x direction. Under these assumptions, Eqn. (2.3) becomes trivial, and Eqns. (2.4,2.5,2.8) may be reduced to
We integrate Eqn. (3.3) once, and use the condition of symmetry that du/dz = 0 at the channel midpointz = 0. We then rearrange Eqns. (3.3,3.4) to separate the derivatives of the two variables, giving
Examining Eqn. (3.6), we note that the velocity gradient becomes larger as θ grows closer to the Leslie angle θ Leslie , which is given by †
(3.8)
Thus, as the director orientation becomes increasingly distorted by the flow, we expect a boost to u, and hence to Φ, compared to a hypothetical situation where the director orientation remains † Clearly, we require ζ > 1 in order for θLeslie to exist, as is the case in our simulations. ζ < 1 corresponds to the 'flow tumbling' regime, and we anticipate that steady solutions may not exist in this regime for sufficiently strong flows.
vertical. dΦ/dG therefore has a regular contribution as would be found in Poiseuille's law, and an additional contribution due to the changes in the profile of θ. The jump observed in figure ( 2) corresponds to especially rapid changes in θ.
We now seek to confirm the results for smallG, by finding a series solution for Eqns. (3.6,3.7). In such a limit, u will be small, and provided that the anchoring is not too weak, the nematic orientation will be perturbed only mildly from the vertical (as shown in the red curve of figure 6 ). We may therefore write expansions for θ and u.
We include only odd powers because symmetry dictates that u → −u and θ−π/2 → −(θ−π/2) underG → −G In the lowest order, Eqns. (3.6,3.7,2.7,3.5) becomẽ
12)
14)
the solutions of which are
Thez dependence of u 1 and θ 1 is in agreement with Zhou & Forest (2007) (where only the strong anchoring limit is considered). u 1 is the standard Pousille form, but with a modified coefficient. It is dependent on the dynamical properties of the liquid crystal, but not on the anchoring. By contrast, the director profile does have dependence onα. Figure ( 3) compares the angle of the director θ as given by Eqn. (3.10) forG = 1 × 10 −5 and forG an order of magnitude larger. The director angle given by Eq. (3.10) is represented by black lines. The respective angle of the director from the simulation withα = 364 is shown by red symbols.
As expected, for low driving pressure gradient,G = 1 × 10 −5 , we observe only a small deviations of θ from π/2, which is in very good agreement with that given by Eqn. (3.10). When applying a pressure gradient an order of magnitude larger, Eqn. (3.10) overestimates θ but is still in good agreement with a relative error < 10%.
The next order velocity equation is We see that the linear term is essentially that of the Poiseuille relation, but with the viscosity modified by the factor 1 + r (ζ + 1) 2 . This linear term is not dependent on the anchoring strength. The cubic term represents the leading order boost to the flow rate as the director begins to distort closer towards θ Leslie . This boost is larger for smallerα, as would be expected since the director profile will distort more easily if the anchoring is weaker. As an example, figure (5) compares the simulation data (connected red points) against the prediction of Eqn. (3.19),α = 364. For lowG, the mass flow rate of the channel is very well represented by Eqn. (3.19). This agreement is seen close up to values ofG before the onset of the sudden jump in Φ.
Next, we elucidate the cause of the V → H transition. In V, illustrated by the red and green curves in figure (6), the director angle θ starts at θ sub (the actual angle given by Eqn. (3.5), not the angle π/2 ideally preferred by the anchoring) at the substratez = −1, decreases down to some value θ turn , then increases to π/2 at the channel midpoint. In the upper portion of the channel, the profile is inverted, with θ reaching a maximum of π − θ turn , and arriving at the upper substratẽ z = 1 with π − θ sub . Thus the integrated change in angle across the channel is ∆θ = π − 2θ sub . By contrast, in H, depicted by the blue curve in figure (6), θ decreases monotonically across the channel, starting at θ sub (generally with a different value to the previous case) atz = −1, decreasing through θ = 0 atz = 0, and arriving atz = 1 with the angle −θ sub , thus achieving an integrated change of ∆θ = −2θ sub . The instability by which the vertical state gives way to the horizontal has a dynamical cause, as we shall now show. Eqn. (3.7) has a turning point at the Leslie angle.
Examining Eqn. (3.7), we note that, in the lower (upper) segmentz < 0 (z > 0), d 2 θ/dz 2 is positive (negative) when cos 2θ < cos 2θ Leslie , and vice-versa when cos 2θ > cos 2θ Leslie . Thus, in the case where θ turn > θ Leslie , d 2 θ/dz 2 is positive throughout the bottom segment (and positive in the upper segment). However, if θ falls below θ Leslie , d 2 θ/dz 2 becomes negative. It now becomes impossible for θ to reach a turning point and increase to meet π/2 at 0.
Thus, the transition from the vertical to horizontal state occurs when θ turn exceeds θ Leslie . For the value ζ = 1.5 in our system, we derive θ Leslie = 24.1
• . This value is in good agreement with the transition angle found by our simulations, as shown in figure (6).
Our findings indicate that the switch is driven by dynamical considerations, under which V becomes unstable in the flow. This contradicts the explanation of Jewell et al. (2009) transition is thermodynamic in character and occurs at the point where the free energies of the two textures are equal. Figure (7) shows that the free energy typically changes discontinuously at the transition, with a decrease in the free energy observed for all measured values ofα except α = ∞. This indicates that the system remains in the metastable V state until driven into the H by the dynamical instability.α = ∞ shows an increase in free energy, indicating that the V state becomes dynamically unstable before any free energy crossover with H occurs.
It seems counterintuitive that the jump shown in figure ( 2), which occurs within the state V, should constitute a much larger departure from non-linearity than the transition V → H, which involves a discontinuous change of the nematic texture. To resolve this puzzle, we again examine Eqn. (3.6), which shows how θ influences the gradient du/dz. The corresponding flow rate Φ is found by performing two successive integrations, from the walls where u is fixed at zero to the centre. Thus changes in θ close to the walls will have a greater effect on Φ than changes in θ close to the centre of the channel. We see from figure (6), that in the transition V → H (from the green to blue curves), there is a little change in the director profile near the walls, and change is limited towards the centre of the channel. By contrast, during the jump in V (purple to pink curves), there is significant change in θ across the entire width of the channel.
Following the work of Leslie (1966) and de Gennes & Prost (1993) , in the limit of highG we except θ to be close to ±θ Leslie for most of the channel width, deviating only in layers at the FIGURE 6. Graph illustrating the switch from the 'vertical' to 'horizontal' texture. In this figure the director angle θ across the width of the channel whenG is small (red) and the crossover from the 'vertical' to 'horizontal' when θ approaches the alignment angle (green to blue). edges and middle of the channel, as shown in figure (8)
varies rapidly from θ sub to θ Leslie −1 <z < −1 + sub , steady at θ Leslie −1 + sub <z < − mid , varies rapidly from θ Leslie through 0 to −θ Leslie − mid <z < mid , steady at −θ Leslie 0 <z < mid , varies rapidly from −θ Leslie to −θ sub 1 − sub <z < 1.
(3.20)
where mid and sub are the characteristic thicknesses of the layers at the substrates and middle of the channel respectively. In the limit of high. Simulations in figure (9) confirms this prediction.
To calculate an estimate of the flow rate, we solve Eqn. (3.6) for the simplifed stepwise function where θ sub is measured and sub and mid estimated from the simulations. We find that
2 ) − mid <z < 0 (3.22) and as the mirror image in the upper half of the channel, where
and hence we obtain for the mass flow rate,
The comparison of the flux and also the gradient dΦ/dG obtained via simulation with that given by Eqn. (3.24) is shown in figure (10) . In this figure, the mass flux obtained via simulation is shown by filled red symbols (for a system of h = 24 where sub = 0.25, mid = 0.20 and θ sub = 46.6 degrees, as can be seen in Fig. (9) ) whilst that obtained by Eqn. (3.24) is represented by a black dashed line. Also given in this figure is a linear fit to simulation data shown by the shows very good agreement with the simulations (0.0345 from Eqn. (3.24) and 0.0293 from the fit to simulation data), we note a discrepency in the actual values of Φ due to the simulations results having a non-zero intercept. In order to resolve this discrepency, a fuller treatment that goes beyond linear terms is required.
Planar and hybrid anchoring conditions
In this section we extend our work beyond homeotropic anchoring and perform lattice Boltzmann simulations of driven flow between two parallel plates for the cases where the anchoring at the walls of the channel is planar (i.e. the director preferentially lies parallel to the wall) and also for a channel where one wall has homeotropic anchoring and the other planar (which we shall term hybrid anchoring). We set l = 400 and h = 99 and, as was previously done for the homeotropic anchoring study, we evolve the system until a steady state is obtained. Depending on the driving G, simulations were run 1 × 10 6 times steps (or 3 to 4 times longer if needed). First we consider the case of hybrid anchoring where the substrate atz = −1 has homeotropic anchoring and that atz = 1 has planar anchoring. In figure (13) we plot mass flow rate Φ as a function ofG for hybrid anchoring condition for weak and strong anchoring strengths. Symbols represent simulation data and discontinuous lines are added to help guide the eye. The insets show the nematic configuration recorded for the indicated data points for the hybrid case. As before, the orange shading represents the nematic order parameter S and the black lines depict the director n. The lower-right inset represents the texture for low flow. In this case, the director orientation near the walls suffers only small distortions from the imposed anchoring conditions (i.e. θ ∼ 90
• atz = −1 and θ ∼ 180
• atz = 1). Furthermore, the behaviour of θ as a function ofz is shown in figure (12) , where the black continuous line illustrates this gradual increase of θ throughout the channel, from ∼ 90
• atz = −1 to 180
• at the other wall atz = 1. Note that we are only considering one of two possible starting configurations relative to the flow; the mirror image, ∼ 90
• atz = −1 to 0 • atz = 1, is eqivalent in the case of zero flow and could equally well be the starting point, but we do not consider this case here.
AsG is increased, the director profile forms a 'question mark' shape as shown in the middle inset of figure (12) . During the jump of flow rate in V, the vertical state, there is significant change in θ across the entire width of the channel which can be seen in the behaviour of θ throughout the channel going from the red to green curves of figure (12). As in the homeotropic anchoring case, asG is increased further, the director profile undergoes an abrupt transition so that its orientation at the middle of the channel becomes horizontal. We see from figure (12) , that in this transition V → H (from the blue to pink curves), there is little change in the director profile near the walls, and change is limited towards the centre of the channel.
Finally, we consider the case of planar anchoring on both walls, the behaviour of which turns out to be less rich than the homeotropic and planar limits. In this case, the director is always in the H configuration. As the flow increases, the director at the walls becomes increasingly inclined away from the horizontal. In figure (13) , the relation between Φ andG shows only mild non-linearity, and does not exhibit an abrupt jump as seen in the homeotropic case.
We briefly consider how the low flow limit in the planar case differs from that of the homeotropic case. Since the unperturbed θ is 0 instead of π/2, the first-order expansions of Eqns. (3.6,3.7,3.5) (3.27) i.e., in eqns. (3.6,3.7) ζ + 1 is replaced by ζ − 1. We thus derive
28)
Comparison of Eqn. (3.30) with Eqn. (3.19) shows that the low flow limit dΦ/dG is larger in the planar case, as is confirmed in figure (13) . Hence we note that the linear term of Φ is dependent on the type of anchoring, while dependence on the strength of anchoring only arrives in the cubic term. As a comparison of the three types of anchoring considered, we plot, in figure (13), mass flow rate Φ as a function ofG for the three distinct anchoring conditions considered, for a chosen anchoring strength ofα = 1500, a relatively strong anchoring. In summary, the behaviour of flux as a function ofG for hybrid anchoring is reminiscent of what is observed in the homeotropic case with the exception that the height of the jump observed in the vertical state is somewhat smaller, being lowered by the presence of the wall with planar anchoring conditions. The director profile (and θ) for sufficiently highG in the H state is also similar to what is observed in the homeotropic anchoring case. In contrast to the what is observed in the H state and as expected given the different anchoring conditions on the walls, the director profile observed in H state differs from other anchoring cases.
Conclusions
We have performed lattice Boltzmann simulations of driven flow of a nematic liquid crystal in two-dimensional channels, recording the mass flow rate Φ as a function of the applied pressure gradientG for a variety of types and strengths of anchoring at the channel walls. Our results for hometropic anchoring are summarised in figure (2) . At lower values ofG, the nematic adopts a morphology V where the director is oriented to the vertical in the centre of the channel. We calculated the low flow limit from the dynamical equations and verified this against the results from the simulations. AsG increases, dΦ/dG becomes steeper as flow-induced distortions in the director lead to a reduction in the effective viscosity. Φ undergoes an abrupt jump, before moderating to an approximately linear rise with higher gradient than before the jump. At higher G, the nematic undergoes a topological transition to a state H, where the director is orientated horizontal at the centre of the channel. We showed that this transition is driven a dynamical instability due to the director being perturbed beyond the Leslie angle. Figure (13) compares results for homeotropic, planar and hybrid anchoring. We find that the curve for hybird anchoring exhibits a smaller, but still notable jump, and there is a similar transition to the H state. For the case of planar anchoring, there are no striking departures from linearity, and the system is in the H state throughout.
The results of this paper demonstrate that the type and strength of anchoring at the channel has a profound effect on the relation between the mass flow rate Φ and the applied pressure gradientG at the walls of the channel. Understanding these effects may help to fine-tune the flow properties of microfluid nematic devices. Conversely, the Φ,G curve provides a fingerprint to the anchoring that exists in the channel. This fingerprint can be identified using both qualitative features, such as abrupt departures from linearity, and quantitative features, such as the slope and subsequent derivatives of the curve.
An obvious directon for future work is to extend our simulations three-dimensional channel flow, such as flow in a cylinderical or rectangular channel. We expect that frustration beween competing boundary conditions and the formation of topological defects in the bulk will make flow behaviour such geometries considerably more complicated the two-dimensional system studied here, but we may hope that some of the principles we elucidated for two dimensions will carry forward into three. Experimental measurements on rectanglar channels has been carried out by Sengupta et al. (2013a) . Figure 2 of Sengupta's paper appears to show appears to show a sharp decrease in the effective viscosity (∝G/Φ) at low driving pressures for homeotropic anchoring, reminiscent of the sharp increase we observe in our simulations.
